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1. Introduction
The fundamental theorem of projective geometry points out the importance of projective
planes. Among projective planes, translation planes have rich algebraic structures. An open
question in this area (see, for example, [14]) is the following question. Which finite simple
groups can be collineation groups for a finite translation plane? This long outstanding
problem in the theory of finite translation planes inspires Theorem A in [10], which studies
a linear group such that the dimension of the set of fixed points is a constant on the set
of non-trivial elements of the centralizer of involutions. The dimensional condition comes
from observing a common feature about sets of fixed points of affine perspectivities and
Baer elements in a collineation group of a finite translation plane. Theorems B and C in [10]
are applications of this result to collineation groups of translation planes.
We use the term simple to mean non-abelian simple. This article continues our study of
simple collineation groups of finite translation planes. If no element of order 4 exists, then
a Sylow 2-subgroup is elementary. A simple group with an elementary Sylow 2-subgroup
is isomorphic to L2(u) with u > 3 and u≡ 3, 5 (mod 8) or u being a power of 2; J1; or a
group of Ree type, i.e., 2G2(3m), where m is odd. (This is a result in [6] or [17] together
with the classification of groups of Ree type.) This leads us to focus on elements of order 4.
Involutions in a finite simple collineation group of a translation plane of odd order are Baer
(see, for example, [9]). Thus an element h of order 4 induces on the Baer subplane of fixed
points of h2 either the identity or an involution. In this article we study the case in which the
action of h on that Baer subplane for h2 is either the identity or the central homology (i.e.,
the negative identity). This idea leads to the condition in the following result concerning a
linear group, which H.F. Blichfelcht wrote in 1917 that where purely geometrical methods
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most easily studied through the medium of linear groups.
Theorem A. Let G be a finite group of linear transformations of a finite dimensional
vector space V over a finite field F of characteristic p such that the dimension of the set of
fixed points of an element in G is a constant on the set of involutions. Suppose there is an
involution i in G such that the set
√
i := {g ∈G: g2 = i} is non-empty and satisfies one of
the following conditions:
(a) For any h ∈√i , h induces the identity on the set of fixed points of i .
(b) The dimension of the set of fixed points of i equals to half the dimension of V . For
any h ∈ √i , h induces on the set of fixed points of i either the identity or a linear
transformation with the zero vector as its only fixed point.
Then the following conclusions hold.
(1) A Sylow 2-subgroup ofG is a cyclic, dihedral, semidihedral, or generalized quaternion
group.
If G is a simple group, then each element in √i induces the identity on the set of fixed
points of i , except possible in the case in which G∼= L2(u) with u≡−1 (mod 8) and u is
not a power of p. Further, the following conclusions hold.
(2) If a Sylow 2-subgroup of G is a dihedral group of order at least 8, then G ∼= L2(u)
with u≡±1 (mod 8). If u≡ 1 (mod 8), then u is power of p.
(3) If a Sylow 2-subgroup of G is a semidihedral group, then G ∼= L3(u) with u ≡ −1
(mod 4) and u ≡ 1 or 19 (mod 30); or G∼= PSU(3, u) with u≡ 1 (mod 4).
In both cases, u is a power of p. SupposeG∼= PSU(3, u). If u is a an odd power of p, then
p = 5. If u= p, then p ≡ 2,3 or 8 (mod 9), and p ≡ 11,14 (mod 15).
A finite translation plane is a vector space of dimension 2d over a field of q elements,
equipped with a spread, which is a set of qd + 1, d-dimensional subspaces such that
each non-zero vector lies in exactly one of these subspaces. Each subspace in the spread
is called a fiber, which is a line incident with the zero vector. (We use the term fiber
instead of component because of the term component has special meaning in finite group
theory.) The order of such plane is qd . A collineation is a Baer collineation (respectively,
a perspectivity) if its set of fixed points is a Baer subplane, which is a subplane of order
qd/2 (respectively, the line of infinity or a fiber). The collineation group of a translation
plane is a semi-direct product of the translation group and the translation complement. The
translation complement is a semi-linear transformation group. The subgroup of all linear
transformations in the translation complement is called the linear complement.
We apply Theorem A and a geometrical argument (5.2, below) to collineation groups of
a translation plane and obtain our next result.
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a finite translation plane, which is identified with a vector space equipped with a spread
over a finite field of characteristic p. Suppose there is an involution i ∈ G such that √i
is non-empty and any element h ∈ √i is a perspectivity, a Baer element or a collineation
with the zero vector as its only one fixed point. Then the translation plane has odd order
and G∼= L2(u) with u≡−1 (mod 8) such that u is not a power of p. Further, p = 3.
We remark that when elements of order 4 exist, the condition in Theorem B [10] that
each non-involutory element in the centralizer of any involution is a perspectivity or a Baer
element implies that, L2(7) is the only viable possibility. Under the current condition in
Theorem B of this article, the possibility becomes the family L2(u) with u≡−1 (mod 8).
Note that if p = 2, then no element h of order 4 can exists such that h and h2 have
the same set of fixed points. In 2.8 below we observe that the existence of a linear
group X of order 4 with common fixed point sets for its non-trivial elements affects the
characteristic p. Indeed p is odd or even according to X being cyclic or elementary. Thus
a translation plane admitting a linear collineation group X of order 4 with common fixed
point sets for its non-trivial elements has odd or even planar order according to X being
cyclic or elementary. A classification for p = 2 and L2(2a), 2a  4, is also given in 2.8.
For planes of odd order, an element of order 4 in a simple collineation group cannot be
a perspectivity as its square is a Baer involution. Thus if the dimension of the set of fixed
points of such element of order 4 equals to half the dimension of the underlying vector
space, then it must be a Baer collineation. Theorem B determines the possibility of all
simple collineation groups of finite translation planes such that all elements of order 4 are
Baer.
This article is organized in the following way. Sections 2 and 3 deal with linear groups.
The structure of a Sylow 2-subgroup is determined in Section 2. This enables us to apply
results on classifications of finite simple groups (using a Sylow 2-subgroup) by Brauer–
Suzuki–Wall (in the dihedral case), and Alperin–Brauer–Gorenstein (in the semidihedral
case). In Section 3 some possibilities are either eliminated or their requirements
established. Here we use Brauer characters and the existence of some Frobenius subgroups.
Section 4 treats a group which is isomorphic to L2(u) with u≡±1 (mod 8) in the case
in which there is an involution i such that each element in
√
i induces the identity on the
set of fixed points of i . A subgroup isomorphic to S4 provides useful information.
In Section 5 we study simple collineation groups of a finite translation plane. Result 5.2
is used to eliminate L3(u) and PSU(3, u) that appeared in Theorem A. The results in
Section 4 show that an element of order p is a Baer element under the required situation.
This will produce a subgroup isomorphic to SL(2,p) in L2(u), which is a contradiction.
This contradiction establishes Theorem B.
2. Preliminary results and a proof of (1) of Theorem A
Other notation and terminology in group theory is taken from [2,6,11,12,17] and in
the theory of translation planes, from [4,15]. We use the term semidihedral [2] for quasi-
dihedral.
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nonsingular linear transformations on a vector space W , we write W(X) for CW(X).
In this section we assume the following hypothesis.
Hypothesis L. G is a group of linear transformations of a finite dimensional vector space V
over a finite field F of characteristic p.
For g ∈G, define +√g := {x ∈ √g, V (x)= V (g)}. For any involution g ∈G, define
−√g := {x ∈√g such that x acts fixed-point-freely on the non-zero vectors of V (g)}, and
±√g to be the union of √g and −√g.
2.1. Lemma. If there is an involution i in G such that ±√i is not empty, then p = 2 and
−√i = {x ∈√i such that x induces −I on V (i)}.
Proof. Let h ∈ ±√i . If h ∈ −√i, then h acts fixed-point-freely on V . As the order of
h is 4, p = 2 and the conclusion holds in this case. By way of contradiction, suppose
p = 2. Then h ∈ +√i . So V (h) = V (i). As a 2-group acting on a vector space over a
field of characteristic 2, h fixes a non-zero vector in V/V (h). Let v ∈ V \V (h) such that
vh= v+ c with c ∈ V (h). Since V (h)= V (h2), vh2 = (v+ c)h= (v+ c)+ c= v. Hence
v ∈ V (h2), which is the same set as V (h). This contradicts to v /∈ V (h). The proof of 2.1
is complete. ✷
We record Lemma 2.6 of [10] in the following
2.2. Lemma. If p = 2, then two commuting involutions with identical sets of fixed points
are equal.
The following hypothesis is inspired by observing the involutions of a simple
collineation group in a linear complement of a translation plane.
Hypothesis E2. The dimension of the set of fixed points of an element of G is a constant
on the set of elements of G of order 2.
2.3. Lemma. Assume E2. Suppose there is an involution i ∈G such that √i is non-empty
and
√
i =+√i . If h ∈√i and j is an involution in CG(h), then j = i .
Proof. Let h ∈ √i , and j be an involution in CG(h). As
√
i = +√i, so V (h) = V (h2).
By 2.1, p = 2. Since (hj)2 = h2 = i , hj ∈√i . Hence V (hj)= V (i)= V (h). This implies,
as j = h−1hj , that V (i) < V (j). Hypothesis E2 now implies V (i)= V (j). Hence i = j
by 2.2. ✷
2.4. Lemma. Let H be a nonabelian 2-group containing a cyclic normal subgroupU = 〈u〉
of order 2n with CH(U)= U . Then either
(1) H ∼=D2n+1 , Q2n+1 , or SD2n+1 , or
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Proof. This is [2, 23.5, p. 107]. Note that if conclusion (2) holds, then n  3. This is
because of Mod8 ∼=D8 and Ω1(D8)=D8. ✷
2.5. Lemma. Assume E2 and G is a 2-group. If there is an involution i ∈ G such
that
√
i = +√i is non-empty, then G is a cyclic, dihedral, semidihedral or generalized
quaternion group.
Proof. As
√
i is not empty, G is not elementary. By 2.1, p = 2. By 2.3, Z(G) has only
one involution, namely i . Let W be the subgroup generated by the elements in
√
i . Then
V (i) V (W). Let j be an involution in W . Then V (i)= V (j) by E2. So i = j by 2.2.
Hence i is the only involution in W . So W is either a cyclic group or a generalized
quaternion group.
Let U := CG(W). Any involution in U centralizes the elements in
√
i . By 2.3, i is the
only involution in U .
Case 1. W is a cyclic group.
Hence W  U . Suppose U is a generalized quaternion. Then U is generated by its
elements of order 4. However, W is then a cyclic subgroup of order 4 in the center
of U , which is impossible. As U has only one involution, this contradiction proves that
U is cyclic. Therefore U  CG(U). On the other hand CG(U)  CG(W) = U . Hence
U = CG(U). This enables us to apply Lemma 2.4. It suffices to show that conclusion (1)
of Lemma 2.4 holds in this case.
Deny this. Then conclusion (2) of Lemma 2.4 holds. Thus U = 〈u〉 has order bigger
than 4. So 〈u2〉 has an element h of order 4. Since M := CG(u2) CG(h), we obtain that
all involutions in M are in W by 2.3. However,Ω1(M) has more than one involution by the
conclusion (2) of Lemma 2.4. This contradicts to the fact that W has only one involution.
This contradiction proves the lemma in this case.
Case 2. W is a generalized quaternion group.
Since G is a 2-group,G/CG(W) is a 2-subgroup of Aut(W). Now W contains a normal
cyclic subgroupX of G of order |W |/2. Let h be an element of order 4 in X. We claim that
U := CG(X) is cyclic. Any involution of U commutes with X so it also commutes with h.
This shows that the involutions in U are in W by 2.3. Hence U has only one involution,
namely i . So the elements of order 4 of U are in
√
i. If U is a generalized quaternion, then
U W as U will be generated by its elements of order 4, which are elements of
√
i as
observed before. Thus U  CW(X). But CW(X) = X is cyclic. This contradition proves
that U is cyclic as desired.
Therefore U  CG(U). On the other hand, X  U as X is cyclic. Hence CG(U) 
CG(X) = U . Thus U  CG(U)  CG(X) = U . So U = CG(U) and we could apply
Lemma 2.4 again. Since U X, |U | 4. The argument presented in the second paragraph
in the proof of case 1 shows that 2.5 holds in the current situation. ✷
The dimension of the set of fixed points of any involution in a simple group in the linear
complement of a translation plane is always half the dimension of the underlying vector
space. With this in mind, we extend 2.5 to the following.
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that 2dim(V (i))= dim(V ) and √i =±√i is a non-empty set, then G is a cyclic, dihedral,
semidihedral or generalized quaternion group.
Proof. As
√
i is not empty, p = 2 by 2.1. As G has an element of order 4, it cannot be
elementary abelian.
For ε ∈ {+,−}, denote ε√i by √ε. Let j be an involution in CG(x), where x ∈
√
i. As
(jx)2 = j2x2 = i , so jx ∈√i. Clearly, j commutes with i .
Step 1. If x ∈√+, then j = i .
Proof. As x,∈ √+, V (x) = V (i). Thus jx and j induce the same action on V (i).
Suppose jx ∈√−. Then j inverts V (i) as jx does. Since [V, i] and V (i) are j -modules
of dimensions equal to 12 dim(V ), this implies that j acts trivially on [V, i]. Hence
the involution j i inverts both [V, i] and V (i). Thus V (ji) = 0. This contradicts
Hypothesis E2. Therefore x ∈ √+. So V (jx) = V (i) = V (x). As j = (jx)x−1, this
implies that V (i)  V (j). Hypothesis E2 now implies that V (i) = V (j). By 2.2, i = j
as desired.
Step 2. If x ∈√−, then j = i .
Proof. If jx ∈ √+, then by Step 1, j = i as j is also in CG(jx). Therefore we may
assume that jx ∈ √−. Hence both x and jx invert V (i). As j = (jx)x−1. This implies
that j acts trivially on V (i). By Hypothesis E2, V (j)= V (i). By 2.2, j = i as desired.
Step 3. i is the only involution in Z(G).
Proof. This follows from Steps 1, 2 and
√
i =±√i is non-empty.
By 2.5, we may assume that
√− is non-empty. By Step 3, V (i) and [V, i] are
G-modules. Let G(+) be the kernel of the action of G on V (i). Consider H =G(+)〈h〉
with h ∈ √−. If x = y are two elements of √−, then xy ∈ G(+). (If h = x ∈ √−, then
hx ∈G(+), so x ∈ H .) Hence √i, being the union of √+ and √− is a subset of H . By
Step 3, H is a normal subgroup of G.
Step 4. H has only one involution.
Proof. Let j be an involution in H . We will show that j = i . Suppose j /∈G(+). Hence
j = gk with g ∈G(+) and k ∈ {h,h−1} as h2 = i ∈G(+). This implies that j inverts V (i).
As j commutes with i , a dimensional argument, (using E2 and dim(V (j))= dim(V (i))=
1
2 dim(V ),) shows that j acts trivially on [V, i]. This implies that the involution j i
inverts V , which contradicts E2. This contradiction proves that j ∈G(+). Hence V (j)
V (i). By 2.2, j = i as desired.
By Step 4, H is a cyclic group or a generalized quaternion. Thus H has a cyclic
subgroup X of order at least 4 and normal in G. Then an element of order 4 in this group
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√
i . By Step 1 and Step 2, this implies that B := CG(X) has i as its only involution.
Since B contains X, a cyclic subgroup of order at least 4 in the center of B , B cannot be a
generalized quaternion. Therefore B is cyclic. As X  B , CG(B) CG(X)= B . Thus B
is a self centralized cyclic subgroup of order at least 4 in G. An application of Lemma 2.4,
as in the second paragraph of the proof of Case 1 in 2.5, shows that G has the desired
structure. ✷
2.7. Proof of (1) of Theorem A. In the proof of (1) of Theorem A we may assume that G
is a 2-group. Conclusion (1) follows from 2.5 and 2.6.
2.8. Some observations for groups of order 4. We now draw some consequences of 2.1
and 2.2. Let G be a finite group of linear transformation of a finite dimensional vector space
V over a finite field with characteristic p. A subgroup H is said to satisfied the condition
SFP if V (h)= V (H) for 1 = h ∈H . We are interested in the groupal structure of G. If |G|
equals to 2 times odd, then G has a normal 2-complement. From now on assume that |G|
is divisible by 4.
The existence of a subgroupX of order 4 satisfying the SFP affects the characteristic p.
Indeed p is odd if X is cyclic by 2.1, and p is 2 if X is elementary by 2.2.
Next consider the case in which all subgroups of order 4 satisfying condition SFP. If
there is a cyclic subgroup of order 4, then p is odd and a Sylow 2-subgroup has only one
involution by 2.2. Thus a Sylow 2-subgroup is a cyclic group or a generalized quaternion
group. So G is not simple. On the other hand if no cyclic subgroup of order 4 exists, then
a Sylow 2-subgroup S is elementary. So p = 2 by 2.2. The condition SFP implies that S is
a T.I. set. A moment of thought shows that if G is simple, then G= L2(2a) with 2a  4,
as |G| is divisible by 4.
Now consider the case in which we only assume the condition SFP for all elementary
abelian subgroups of order 4. This is equivalent to the condition that commuting involutions
have the same set of fixed points. As |G| is divisible by 4, p = 2 by 2.2 again. Let i be
an involution in the center of a Sylow 2-subgroup S. For any involution j ∈ S, we have
V (i)= V (j). Since p = 2, this implies that j induces the identity on V/V (i). This shows
that involutions in S commute with each other. Thus E :=Ω1(S) is an elementary abelian
subgroup and E contains all involutions of H :=NG(E). Suppose |H ∩Hg| is even. Let x
be an involution in H ∩Hg. As x is an involution in H , so x ∈E. Similarly x ∈Eg . Hence
x ∈E ∩Eg . The condition that SFP holds for all elementary abelian subgroups of order 4
implies E = Eg . Hence g ∈H . Thus H is a strongly embedded subgroup. If G is simple,
then G is isomorphic to one of the Bender groups. Related information for p = 2 and one
elementary some group of order 4 satisfying the condition SFP can be found in [7].
3. Proof of Theorem A
3.1. Lemma. Let G be a Frobenius group with kernel N and complement H . Let F be
a field with characteristic not dividing |N | and let W be a F(G)-module. Suppose that
W(N) := CW(N)= 0. Then W(H) > 0.
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⋃
g∈G\H Hg) ∪N
and |{Hg | g ∈G}| = |N |, so vG =∑g∈G\HvHg +vN − |N |v. Now as W(N)= 0, we have
vG = 0 = vN . If vHg = 0 for all g, then we would have −|N |v = 0, which implies that
the characteristic of F dividing |N |. This contradiction proves vHg = 0, which implies
vH = 0. As vh ∈W(H), so W(H) = 0 as desired. ✷
3.2. Lemma. Assume Hypothesis L. If G contains a subgroup isomorphic to a Frobenius
group with an abelian kernel N and a cyclic complement 〈h〉 of order 4 such that V (h)= 0
or V (h)= V (h2), then p = 2 and p divides |N |.
Proof. Since h has order 4, we see, by 2.1, that p = 2. In the rest of the proof, we
may assume that G is the Frobenius subgroup. Let W := [V,N]. Since G is faithful
by Hypothesis L, so W = 0. As N is a normal subgroup, W is a G-module. Suppose
(p, |N |) = 1. Then V = V (N) ⊕ W and W(N) = 0. By 3.1, W(h) = 0. This implies
V (h) = 0. Hence V (h) = V (h2). The decomposition of V = V (N) ⊕W as G-modules
shows that V (h)= CV (N)(h)⊕W(h) = CV (N)(h2)⊕W(h2). Hence W(h) =W(h2). As
N is abelian we may assume that N is elementary abelian. Since |〈h〉| = 4, we may assume
further that |N |  q2, where q is a prime different from p. Let |W | = pf . We divide the
rest of the proof into 2 cases.
Case 1. N is cyclic.
In this case W is a direct sum of n irreducible N -modules. By [11, II.3.11, p. 166]
W may be consider as a module over GF(pf/n) and 〈h〉 is a group of field automorphism.
However, as field automorphisms obviouslyW(h2) =W(h). This contradiction shows that
Case 1 cannot occur.
Case 2. N is elementary abelian of order q2.
In this case N has two subgroups N1, N2 such that Nh1 = N2, Nh2 = N1, W(N1) = 0,
and W(N1) ∩ W(N2) = 0. As W(N1)h = W(N2), we see that CW(N1)(h2) = 0. But
the Frobenius group N2〈h2〉 acts on W(N1). As CW(N1)N2 = 0, so CW(N1)(h2) = 0
by 3.1. This contradiction shows that Case 2 also cannot occur and the proof of 3.2 is
complete. ✷
Remark. The original proof of 3.2 uses [13,15,16, p. 270], which contains information
about W(H0) for a subgroup H0 of H in 3.1. We thank Prof. Stroth for suggesting 3.1 and
part of new proofs of 3.2 and 3.3(3).
In the following a Frobenius group of type c2 : b means a Frobenius group with the
kernel isomorphic to the direct product of two cyclic groups of order c and a complement
isomorphic to a cyclic group of order b.
3.3. Lemma. Assume Hypothesis L. Suppose there is an involution i in G such that
√
i is
non-empty and
√
i =±√i . Then the following conclusions hold.
(1) If G∼= L3(u) with u≡ 3 (mod 4), then u is a power of p, and −
√
i is empty. Further,
u ≡ 1 or 19 (mod 30).
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√
i = +√i. If u≡−1
(mod 8) and u is a power of p, then √i =+√i.
(3) GM11.
Proof. Suppose G is isomorphic to one of the groups that appears in (1), (2), or (3).
By 2.1, p = 2. Since G has only one class of involutions, we could apply 3.2. Note that
Hypothesis E2 is satisfied.
(1) As L3(u) contains a Frobenius subgroup of type u2 : 4, so by 3.2, u is a power
of p. Suppose u ≡ 1 or 19 (mod 30). Then PSL(3, u) contains a subgroup isomorphic to
A6 by [3]. As A6 contains a Frobenius subgroup of type 32 : 4, so p = 3 by 3.2. However,
u≡ 1 or 19 (mod 30) implies u≡ 1 (mod 3). This contradicts to the fact that u is a power
of 3 in the current situation.
There is a subgroup H in CG(i) isomorphic to SL(2, u). The elements of order 4 in H
are conjugated in H . If there is an element in −√i, then there will be an element h ∈H
of order 4 and h ∈ −√i . As h induces −I on V (i), h will be in the center of the action
of H on V (i) induced by H . However, as h acts non-trivially on V (i), H induces L2(u)
on V (i). This contradiction proves that −√i is empty. The proof of conclusion (1) is now
complete.
(2) We observe that L2(u) with u ≡ 1 (mod 8) contains a Frobenius subgroup of type
u : 4. So u is a power of p by 3.2.
Suppose G∼= L2(u) with u≡±1 (mod 8), and u is a power of p. Then G has only one
class of involutions and only one class of cyclic subgroups of order 4. Also G contains a
dihedral group of order 8. Let h be an element of order 4 of G.
Suppose −√i is non-empty. Thus an element of order 4 acts fixed-point-freely. This
condition holds for any submodule and quotient module of G. Thus we may assume that
V is an irreducible G-module. As the dimension of fixed points does not change under the
extension of the field, we may assume F is a splitting field for G. Hence by the Steinberg
Tensor Product Theorem,
V = V σ11 ⊗ · · · ⊗ V σnn ,
where σ1, . . . , σn, are distinct members of Aut(F ) and V1, . . . , Vn are basic modules. As
u ≡ ±1 (mod 8), h has eigenvalues λ and λ−1 = −λ, where λ2 = −1 in F , on a natural
2-dimensional module for SL(2, u). This implies that h has non-trivial fixed points on
Vk when dim(Vk) is odd. (If dim(Vk) = 2m + 1, then Vk is the space of homogeneous
polynomials in x, y of degree 2m. Thus h fixes xmym.) If dim(Vk) = 2m, then the
eigenvalues of h on Vk is λm,λm−2, . . . , λ,λ−1, . . . , λ−m. As SL(2, u) is faithful on V ,
the number of Vk of even dimension is even because of the central involution of SL(2, u)
acts trivially on V . For a pair of such even dimensional modules Va and Vb, the tensor
product of the eigenspace of λ of Va with the eigenspace of λ−1 of Vb will be fixed by h.
This shows that h has non-trivial fixed point on V . This contradiction proves that −√i is
empty as desired.
(3) By way of contradiction. Assume G ∼= M11. As M11  A6  32 : 4, we obtain
p = 3 by 3.2. However M11 also contains a Frobenius group 5 : 4. So p = 5 by 3.2. This
contradiction proves that G ≡∼M11. ✷
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Proof. By way of contradiction, assume that G ∼= A7. As A7 has an element of order 4,
p = 2 by 2.1. As A7  A6  32 : 4, so p = 3 by 3.2. On the other hand, A7 also contains
a Frobenius subgroup isomorphic to 5 : 4. Hence p = 5 by 3.2. This contradiction proves
that GA7. ✷
3.5. Lemma. Assume the same condition as in 3.3. If G∼= PSU(3, u), with u≡ 1 (mod 4),
then u is a power of p and −√i is empty. Further, if u= pb such that b is odd, then p = 5.
If u= p, t hen p ≡ 2,3, or 8 (mod 9), and p ≡ 11,14 (mod 15).
Proof. As in the proof of 3.3 for the case PSL(3, u), an element h in −√i will be in the
center of the action of CG(i) induced on V (i), which is impossible. Therefore −
√
i is
empty.
We now prove that u is a power of p. Let u be a power of a prime r . A Sylow r-
subgroup U of G is a special r-group of order u3 such that R := Z(U) is elementary
of order u and U := U/R is elementary of order u2. Commutation in U induces a non-
singular symplectic form on U , and R is the Frattini subgroup of U . As u ≡ 1 (mod 4),
there is a cyclic subgroup 〈h〉 of order 4 in NG(R) such that i = h2 induces−I on U . Thus
〈i〉U = 〈iU 〉. Note that h induces −I on R.
As i centralizes R, V (i) is R-invariant. Since V (h)= V (i), and h inverts R, we obtain
that R acts trivially on V (i). Hence V (i) V (R). This argument applies to any involution
j in 〈h〉U . In particular, j induces −I on V/V (R). The involutions of 〈h〉U are the
involutions in 〈i〉U . As 〈i〉U = 〈iU 〉, U = [〈i〉,U ]. So U is generated by elements of the
form 1 = [i, u] = i(iu). Thus iu = i . As both i and iu induce −I on V/V (R), so i(iu)
induce I on V/V (R). This shows that U induces I on V/V (R). In particular, R induces
I on V/V (R). Thus R acts trivially on V/V (R) and V (R). Therefore R is a p-group and
so r = p as desired.
If u= pb is such that b is a product of odd primes, then G contains PSU(3,p). Thus in
this situation p = 5 by 3.4.
Suppose u = p. If p ≡ 2,5 (mod 9), then G contains 32.Q8. If p ≡ 8 (mod 9), then
G contains 32.SL(2,3). If p ≡ 11, 14 (mod 15), then G contains A6. In all these cases G
contains a Frobenius subgroup of the type 32 : 4. By 2.3, p = 3, which is impossible in
the current case. This completes the proof of the lemma. ✷
3.6. Theorem (Alperin–Brauer–Gorenstein [1]). A finite simple group with a semidihedral
Sylow 2-subgroup must be isomorphic to one of the groups: L3(u) with u≡−1 (mod 4),
U3(u) with u≡ 1 (mod 4), or M11.
3.7. A proof of conclusions (2) and (3) of Theorem A.
(2) The Brauer–Wall–Suzuki Theorem [17, II, 8.6 in p. 496] provides the possibilities
for G. As a Sylow 2-subgroup is a dihedral group of order at least 8, p = 2 by (1). By 3.4,
A7 is ruled out. Thus G ∼= L2(u) with u > 3 and u satisfies the congruence condition.
By 3.3(2), if u≡±1 (mod 8) and u is power of p, then √i =+√i. If u≡ 1 (mod 8), then
u is a power of p.
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for G. By 3.3(3), G ∼= M11. Therefore G is isomorphic to L3(u) or PSU(3, u), where
u satisfies the congruence condition (mod 4). By 3.3(1) (respectively, 3.5), u satisfies the
addition condition when G∼= L3(u) (respectively, PSU(3, u).)
4. Some results concerning
√
i =+√i
In this section we assume Hypothesis L and treat a group G∼= S4 or L2(u) with u≡±1
(mod 8). We assume the conditions √i =+√i and E2 in this section. If G∼= L2(u) then
G has only one class of involutions, Hypothesis E2 is satisfied. Note that there is only one
class of elements of order 4. For an involution i ∈G, √i is always non-empty.
4.1. Lemma. Under the assumption of this section if G ∼= S4, then V (G) = V (O2(G)),
V = V (G) ⊕ [V,O2(G)] and [V,O2(G)] is the sum of 3-dimensional FG-irreducibles
isomorphic to the induced module (ζT )G, where ζT is the 1-dimensional representation for
a Sylow 2-subgroup T of G whose kernel is cyclic, of order 4.
Proof. As
√
i = +√i, so p = 2 by 2.1. Since the centralizer of an involution in S4 is
a dihedral group of order 8 or an elementary abelian group of order 4, we see that the
conditions E2 and
√
i = +√i implies that the dimension of the set of fixed points is a
constant on the set of non-trivial element of the centralizer of an involution. This last
condition is the Hypothesis Hy2 in [10]. Thus this lemma is the conclusion (3) of 3.12
in [10]. ✷
4.2. Lemma. Let G∼= L2(u) with u≡±1 (mod 8) and W an FG-submodule of V . Then
hypothesis
√
i =+√i is satisfied by G, W and G, V/W .
Proof. Let V ∗ = V/W . Let h be an element of order 4. Since p is odd by √i =+√i, the
coprime action implies that V ∗(h)= V (h)∗. Hence V ∗(h)= V ∗(h2) and W(h)=W(h2).
Let U = V ∗ or W . As G has one class of involutions, dimU(i) = dimU(j) for all
involutions in G. This implies that the lemma holds. ✷
4.3. Lemma. Under the assumption of this section if G ∼= L2(u) with u ≡ ±1 (mod 8),
then there are subgroups Y  H  G such that Y ∼= S4, H ∼= L2(t) with u being a
power of t > 3, V = V (H)⊕[V,H ], V (H)= V (Y )= V (O2(Y )), and [V,H ] = [V,Y ] =
[V,O2(Y )].
Proof. As u ≡ ±1 (mod 8), G contains a subgroup Y ∼= S4. (See, for example, [11,
p. 213, Hauptsatz 8.27].) Let Q :=O2(Y ). As a subgroup of L2(u), the conditions E2 and√
i =+√i hold for Y . By 4.1, V = V (Y )⊕ [V,Y ], V (Y )= V (Q), and [V,Y ] = [V,Q].
Let y be an involution of Y not in Q. Then CQ(y) has order 2. Let P := 〈y,CQ(y)〉 and
T := NG(P). Then T ∼= S4 and P = O2(T ). (See, for example, [11, 8.16, p. 200 and
8.18, p. 202].) As P  Y , V (Y )  V (P). By 4.1, V (P) = V (T ). Hence V (Y )  V (T ).
By symmetry, V (T )  V (Y ). Therefore V (Y ) = V (T ). Let H = 〈Y,T 〉. As H contains
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example, [11, 8.27, p. 213].) As V (Y ) = V (T ), V (Y )  V (H). Clearly, V (H) V (Y ).
So V (Y ) = V (H). As [V,Y ] = [V,Q] and V (Q) = V (Y ) = V (T ) = V (P), [V,Y ] =
[V,P ] = [V,T ]. So [V,H ] = [V,Y ] = [V,Q] as desired. ✷
5. Translation planes
In this section we study a finite translation plane which is identified with a vector space
of dimension 2d over a field F of characteristic p together with a spread S . For a set W
of V , define S(W) := {X ∈ S: |X ∩W | > 1}, and SW := {X ∩W : X ∈ S(W)}. We call
a collineation in the linear complement a linear collineation. The collineations of a simple
collineation group in the translation complement are linear collineations. We now record
the following result from [10, 4.2.].
5.1. Theorem. Suppose τ is a linear collineation. Assume V = U +W , where U,W are
eigenspaces of τ with different eigenvalues. Then either U,W both are fibers, or they are
both Baer subplanes and S(W)= S(U).
Proposition 5.2. Let Q be a collineation group in the linear complement of a finite
translation plane V isomorphic to the quaternion group of order 8. Let i be the involution
of Q. If V (Q)= V (i), then V has odd order and i is a homology.
Proof. Assume V (Q) = V (i). If V has even order, this implies that Q is an elementary
abelian group by 2.1. This contradiction proves that p = 2 and V has odd order.
If V (i)= 0, then i is the central homology. Thus we may assume that V (i) = 0. Hence
V (i) is a fiber or a Baer subplane. By way of contradiction we may assume V (i) is a Baer
subplane. By 5.1, [V, i] is a Baer subplane and shares the same fibers with V (i). Since we
are assuming V (Q)= V (i), Q fixes each fiber of [V, i].
However, this implies that Q induces a cyclic group on [V, i] by [15, Theorem 3.1,
p. 10]. But i induces −I on [V, i], which implies that Q induces a quaternion group
on [V, i]. This contradiction proves that V (i) cannot be a Baer subplane as desired. ✷
The following lemma deals with L2(u) in the proof of Theorem B.
5.3. Lemma. Let J be a collineation group in the linear complement with J ∼= S4. Let
Q :=O2(J ). Suppose there is an element s of order 4 in J such that V (s)= V (s2). Then
V = V (Q) ⊕ [V,Q], V (Q) = V (J ), and [V,Q] = [V,J ]. Each element in J # is Baer,
p = 3 and [V,J ] is the direct sum of irreducible modules described in 4.1. For j ∈ J #,
[V,J ](j) is a subplane with the same order as V (Q) and S(V (Q))= S([V,J ](j)).
Proof. This is (2) of 5.2 in [10] using (3) of 3.12 of [10], which is recorded here as 4.1.
Note that V (j)= V (Q)⊕ [V, j ](j). ✷
5.4. A proof of Theorem B. Let G be a simple collineation group in the translation
complement of a finite translation plane V , which is identified as a vector space over a
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By assumption there is an involution i such that any element h ∈G of order 4 with h2 = i
is either a perspectivity, a Baer collineation or a linear transformation without non-trivial
fixed vector. As G is simple, a perspectivity in G is an affine perspectivity, i.e., its axis
is a fiber. This implies that
√
i = ±√i. By 2.1, p = 2 so V has odd order. Theorem A
implies that a Sylow 2-subgroup of G is either a dihedral group or a semi-dihedral group.
The possibilities for G are listed in (2) and (3) of Theorem A. Further, √i =+√i except
in the case in which G∼= L2(u) with u≡−1 (mod 8) and u is not a power of p. Thus the
possibilities L3(u) with u≡ 1 (mod 4) and PSU(3, u) with u≡ 1 (mod 4) are eliminated
by 5.2.
SupposeG∼= L2(u) with u=±1 (mod 8) and u is a power of p. Since V has odd order,
all involutions in G are Baer. (See, for example, [9].) As u is a power of p, so √i =+√i
by Lemma 5.3. By 4.3 there are subgroups Y H G such that Y ∼= S4, H ∼= L2(t) with
t is a power of p and t > 3. Also V = V (H)⊕ [V,H ], V (H)= V (Y )= V (O2(Y )), and
[V,H ] = [V,Y ] = [V,O2(Y )]. By 5.3, V (O2(Y )) is a subplane of order n1/4, where n
is the order of V . Let x be an element of order p in H and U = [V,H ]. Then U(x) > 0
as a p-group acting on a p-group. As V (x)  V (H) = V (O2(H)), x is planar. Since
V (x)= V (H)⊕U(x) and U(x) > 0, we see that V (x) > V (H). Thus V (x) is a subplane
of order at least the square of the order of V (H), and at most
√
n. As V (H) has order n1/4,
this implies that V (x) is a Baer subplane of V . By [5], the minimal polynomial of x on V
is (X − 1)2. Then a conjugate of x together with x will generate a subgroup isomorphic
to SL(2,p). (See, for example, [8].) However no subgroup of L2(t) with t a power of the
odd prime p, is isomorphic to SL(2,p). This contradiction proves that if G∼= L2(u) with
u≡±1 (mod 8), then u is not a power of p. Theorem A implies that this could only happen
when u≡−1 (mod 8). By 5.3, p = 3. The proof of Theorem B is now complete.
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